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s Use Expansion Trees
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# Searches in Elementary Type Theory

L (No Extensionality) J
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Search

Find a Complete Mating

Solve for Instantiations of Expansion Variables
(Uni cation)

Duplicate Expansions

Primsubs - Introducing a Logical Constant (There can
be in nitely many logical constants. For example, = for
each type )
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Functional Extensionality

o N

Let EXT be

8f 89 W8y [fyl= [ayl]] [f = d

If two functions agree on all arguments, then they are equal.

Combining Boolean and Functional Extensionality:
8po 8ap «[8x [px] [ax]] [p=" (]

Two sets are equal if they contain the same elements.
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® Opengyp) - "Open” Sets
® Openis Closed Under Unions

# B, Set with Neighborhood Property
' $

'$

X —
O

&%

#® Show: OpenB (“B I1s Open™)

.
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® Three Set Variables.
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8Bos8X [BX 9DgeOpenD ™ Dx” D B]
OpenB
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where Gis
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# Two Set Variables.
# Tpscan now prove this automatically.

.
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A Simple Extensional Theorem

Let M be the sentence
[AO = BO u [POOAO] [POO BO]]
# Testraditionally proves theorems of elementary type
theory (no extensionality).

# Previous Tes search procedures cannot prove M .

# Can simply include Boolean extensionality as a
hypothesis EXT © M.

# Drawback: Using
8Po80p-[p d [p="d]

In the hypothesis requires instantiating p, and .
# Want: A better way to build in extensionality.

-

|
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Extensional Search

-

# Need a Version of Expansion Proofs for
Extensional Proofs

#® Generalize Expansion Trees to
Extensional Expansion Dags

# Need a Method of Searching for
Extensional Expansion Proofs

.
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# Expand Equality Using Extensionality
F = G J

By «[F yl= [G y]P
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Generalizing ExpansionProofs

o N

# Expand Equality Using Extensionality

# Make Connections Explicit Using Connection Nodes -
and Decompose (similar to Benzmudller's resolution
rules).

[PAL AN PB* B

~

[PAL A"=°PB! B"]

.

A= BY] A" = B"]

N2/
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-

Expand Equality Using Extensionality

Make Connections Explicit Using Connection Nodes -
and Decompose (similar to Benzmudller's resolution

rules).
[PAL AN PB* B
[[PAl/A”]=°[F{B”]]
At =B [A" = B"]

L Now the structure is a dag, not a tree J
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-

Expand Equality Using Extensionality

Make Connections Explicit Using Connection Nodes -
and Decompose (similar to Benzmudller's resolution
rules).

Decompose Equations

[HAlY AM=[HB! B"]]

.

A= BY] A" = B"]
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Extensionality already handles equality at types other
than .

How can we handle equality at type ?
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Adding Equality
-

Sometimes decomposition is enough — e.g., to prove
[F C]=[FCl].

Sometimes we must use an assumed equation — e.g.,
using [C = D]toprove [F D] = [F C].

Allow Connections Between Equations (up to
symmetry)

[C=DJ [[F D]= [F C]]

|
\ D = C]
/

[C=C]" [D=D]
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An Unusual Equality Example
-

In some examples, decomposition and connections
must be applied to the same equation!

THM615: Ho[H> = H?] = [H?]
Intuitive proof:
Either[H > = H ?]Is true or false.

If true, then THM615 IS equivalentto [H > = H ?] which
we have assumed true.

If false, then THM615 Is equivalentto [H ? = H ?]
which is true by re e xivity.
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HH> = H?]= [H?]]
H>= H?]= 2]

H>]= [H2]

THM615 — negative equality root node.
Decompose this node
L Use Boolean extensionality. J



An Unusual Equality Example

o N

HH> = H?]= [H?]]
H>= H?]= 2]

H>]= [H2]

THM615 — negative equality root node.
This subgoal is unprovable in isolation!

o |



An Unusual Equality Example

-

HH> = H?]= [H?]]

H>= H?]= 2]

H>]= [H2)

)

(H>]= HH>= H?]]*[[H?]= [H?]]

THM615 — negative equality root node.
We must connect this node with the root node.

.



An Unusual Equality Example

o N

HH> = H?]= [H?]]

H>= H?]= ?]

H>]= [H2)

)

(H>]= HH>= H?]]*[[H?]= [H?]]

ldea: We must decompose in order to introduce an
embedded (positive) eqguation.

We must then use this equation to prove the original J

L equation.
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An Unusual Equality Example

o -

Technically, we copy negative eguation nodes to use for two
very different purposes: decomposition and connections.

EQNO
Ho[H> = H?] = H?
DECO — EQNGOALO
Ho[H> = H?] = H? Ho[H> = H?] = H?
BOOLO
[Ho> = H?] =7
V4 \
<~ [? [Ho> = H?]]
EQNZ1* ? .
Ho> = H? :
-
EUNIFO

[Ho> = H[H> = H?]]* [H? = H?]

o f |
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A+/ T~
B+/ ™~

e ~
PA" PB

Reconsider [A;  «Bo  «[PocA] [P B]]

o |
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A+ T~ ®)
O

e ~—

PAY PB
~ ¥

[P B] =[P A]

/
B =° A

e ~

/N RN
* B

B* A A
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f ")
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Base Automated Search on
Extensional Expansion Dags



Extensional Search

-

Basic Operations:



Extensional Search

o N

Basic Operations:

Connections Between Atoms and Equations at Type



Extensional Search

-

Basic Operations:
Connections Between Atoms and Equations at Type
Determine Expansion Variables via Uni cation

(Huet) Flex-Rigid: Imitation
(Huet) Flex-Rigid: Projection
Can delay Flex-Flex without losing completeness!

(New Result! Open Question for Extensional
Resolution)
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Basic Operations:

Connections Between Atoms and Equations at Type
Determine Expansion Variables via Uni cation
Duplicating Expansion Nodes.

(Restricted) Primsubs on Expansion Variables
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complete.

Completeness of Ground Extensional Expansion
Proofs:

Can Translate Back and Forth between Extensional

Expansion Proofs and Cut-Free Sequent Calculus
Derivations.

The Cut-Free Sequent Calculus is proven sound and
completeness with respect to Henkin-style Models.
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Completeness

A procedure based on these operations is sound and T
complete.

Completeness of Ground Extensional Expansion
Proofs:

Can Translate Back and Forth between Extensional

Expansion Proofs and Cut-Free Sequent Calculus
Derivations.

The Cut-Free Sequent Calculus is proven sound and
completeness with respect to Henkin-style Models.

Completeness of Search with Variables

Lifting — correct choices of operations decreases a
measure...

|



Conclusion

-

(Complete) Automated Search is possible using
Extensional Expansion Dags

Search Procedures Based on these Ideas are
Implemented in Tps

Tps can now prove some theorems which require
extensionality.
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