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Use Expansion Trees
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Primitive Substitutions (Andrews)
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Search

Find a Complete Mating

Solve for Instantiations of Expansion Variables
(Uni�cation)

Duplicate Expansions

Primsubs - Introducing a Logical Constant (There can
be in�nitely many logical constants. For example, = � for
each type � .)
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BooleanExtensionality

Let EXT o be

8po 8qo [p � q] � [p = o q]

If two truth values are equivalent, then they are equal.
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Functional Extensionality

Let EXT �� be

8f �� 8g�� [8y� [f y] = � [gy]] � [f = �� g]

If two functions agree on all arguments, then they are equal.

Combining Boolean and Functional Extensionality:

8po� 8qo� [8x� [px] � [qx]] � [p = o� q]

Two sets are equal if they contain the same elements.
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Non-ExtensionalVersion

BLEDSOE-FENG-SV-10:

8 Uo�8 Go(o�) [[G � Openo(o�) ^ U � s
[

G] � OpenU]

� 8 Bo� 8 x� [ B x � 9 D Open D ^ D x ^ D � B ]

� Open B

where
S

G is
�z � 9 So� G S ^ S z
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8 Uo�8 Go(o�) [[G � Openo(o�) ^ U � s
[

G] � OpenU]

� 8 Bo� 8 x� [ B x � 9 D Open D ^ D x ^ D � B ]

� Open B

where
S

G is
�z � 9 So� G S ^ S z

Three Set Variables.

TPS has been able to prove this automatically for four
years (at least).

– p.10/23



ExtensionalVersion

THM616:

8 Go(o�) [G � Openo(o�) � Open
[

G]

� 8 Bo� 8 x� [ B x � 9 Do� OpenD ^ D x ^ D � B ]

� Open B

where
S

G is
�z � 9 So� G S ^ S z

– p.11/23



ExtensionalVersion

THM616:

8 Go(o�) [G � Openo(o�) � Open
[

G]

� 8 Bo� 8 x� [ B x � 9 Do� OpenD ^ D x ^ D � B ]

� Open B

where
S

G is
�z � 9 So� G S ^ S z

Any union of open sets is open.

– p.11/23



ExtensionalVersion

THM616:

8 Go(o�) [G � Openo(o�) � Open
[

G]

� 8 Bo� 8 x� [ B x � 9 Do� OpenD ^ D x ^ D � B ]

� Open B

where
S

G is
�z � 9 So� G S ^ S z

Two Set Variables.

– p.11/23



ExtensionalVersion

THM616:

8 Go(o�) [G � Openo(o�) � Open
[

G]

� 8 Bo� 8 x� [ B x � 9 Do� OpenD ^ D x ^ D � B ]

� Open B

where
S

G is
�z � 9 So� G S ^ S z

Two Set Variables.

TPS can now prove this automatically.

– p.11/23



A SimpleExtensionalTheorem

Let M be the sentence

[Ao � Bo � [Poo Ao] � [Poo Bo]]

– p.12/23



A SimpleExtensionalTheorem

Let M be the sentence

[Ao � Bo � [Poo Ao] � [Poo Bo]]

TPS traditionally proves theorems of elementary type
theory (no extensionality).

– p.12/23



A SimpleExtensionalTheorem

Let M be the sentence

[Ao � Bo � [Poo Ao] � [Poo Bo]]

TPS traditionally proves theorems of elementary type
theory (no extensionality).

Previous TPS search procedures cannot prove M .

– p.12/23



A SimpleExtensionalTheorem

Let M be the sentence

[Ao � Bo � [Poo Ao] � [Poo Bo]]

TPS traditionally proves theorems of elementary type
theory (no extensionality).

Previous TPS search procedures cannot prove M .

Can simply include Boolean extensionality as a
hypothesis EXT o � M .

– p.12/23



A SimpleExtensionalTheorem

Let M be the sentence

[Ao � Bo � [Poo Ao] � [Poo Bo]]

TPS traditionally proves theorems of elementary type
theory (no extensionality).

Previous TPS search procedures cannot prove M .

Can simply include Boolean extensionality as a
hypothesis EXT o � M .

Drawback: Using

8po 8qo [p � q] � [p = o q]

in the hypothesis requires instantiating po and qo.

– p.12/23



A SimpleExtensionalTheorem

Let M be the sentence

[Ao � Bo � [Poo Ao] � [Poo Bo]]

TPS traditionally proves theorems of elementary type
theory (no extensionality).

Previous TPS search procedures cannot prove M .

Can simply include Boolean extensionality as a
hypothesis EXT o � M .

Drawback: Using

8po 8qo [p � q] � [p = o q]

in the hypothesis requires instantiating po and qo.

Want: A better way to build in extensionality.
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GeneralizingExpansionProofs

Expand Equality Using Extensionality

Make Connections Explicit Using Connection Nodes -
and Decompose (similar to Benzmüller's resolution
rules).

[PA 1 � � � A n]� [PB 1 � � � B n]+

[[PA 1 � � � A n]= o[PB 1 � � � B n]]�

[A 1 = B 1]� � � � [A n = B n]�

Now the structure is a dag, not a tree
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Decompose � Equations

[[H A 1 � � � A n]= � [H B 1 � � � B n]]�

– p.14/23



GeneralizingExpansionProofs

Expand Equality Using Extensionality

Make Connections Explicit Using Connection Nodes -
and Decompose (similar to Benzmüller's resolution
rules).

Decompose � Equations

[[H A 1 � � � A n]= � [H B 1 � � � B n]]�

[A 1 = B 1]� � � � [A n = B n]�
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Adding Equality

Extensionality already handles equality at types other
than �.
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Adding Equality

Extensionality already handles equality at types other
than �.

How can we handle equality at type �?
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Sometimes decomposition is enough – e.g., to prove
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[F�� C� ] = [F C].

Sometimes we must use an assumed equation – e.g.,
using [C� = D] to prove [F�� D ] = [F C].

Allow Connections Between � Equations (up to
symmetry)

[[F D]= � [F C]]�[C = D]+

[D = C]�
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Adding Equality

Sometimes decomposition is enough – e.g., to prove
[F�� C� ] = [F C].

Sometimes we must use an assumed equation – e.g.,
using [C� = D] to prove [F�� D ] = [F C].

Allow Connections Between � Equations (up to
symmetry)

[[F D]= � [F C]]�[C = D]+

[D = C]�

[[C = C] ^ [D = D]]�
...
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An UnusualEquality Example

In some examples, decomposition and connections
must be applied to the same equation!
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An UnusualEquality Example

In some examples, decomposition and connections
must be applied to the same equation!

THM615: H�o [H > = � H ? ] = � [H ? ]

Intuitive proof:

Either [H > = � H ? ] is true or false.

If true, then THM615 is equivalent to [H > = � H ? ] which
we have assumed true.
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An UnusualEquality Example

In some examples, decomposition and connections
must be applied to the same equation!

THM615: H�o [H > = � H ? ] = � [H ? ]

Intuitive proof:

Either [H > = � H ? ] is true or false.

If true, then THM615 is equivalent to [H > = � H ? ] which
we have assumed true.

If false, then THM615 is equivalent to [H ? = � H ? ]
which is true by re�e xivity.
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An UnusualEquality Example

[H [H > = � H ? ] = � [H ? ]]�

[[H > = � H ? ] = � ? ]�

[[H > ] = � [H ? ]]+

[[[H > ] = � H [H > = � H ? ]] ^ [[H ? ] = � [H ? ]]]�

THM615 – negative equality root node.
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An UnusualEquality Example

[H [H > = � H ? ] = � [H ? ]]�

[[H > = � H ? ] = � ? ]�

[[H > ] = � [H ? ]]+

[[[H > ] = � H [H > = � H ? ]] ^ [[H ? ] = � [H ? ]]]�

THM615 – negative equality root node.

Decompose this node
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An UnusualEquality Example

[H [H > = � H ? ] = � [H ? ]]�

[[H > = � H ? ] = � ? ]�

[[H > ] = � [H ? ]]+

[[[H > ] = � H [H > = � H ? ]] ^ [[H ? ] = � [H ? ]]]�

THM615 – negative equality root node.

Decompose this node

Use Boolean extensionality.
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An UnusualEquality Example

[H [H > = � H ? ] = � [H ? ]]�

[[H > = � H ? ] = � ? ]�

[[H > ] = � [H ? ]]+

[[[H > ] = � H [H > = � H ? ]] ^ [[H ? ] = � [H ? ]]]�

THM615 – negative equality root node.

This subgoal is unprovable in isolation!
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An UnusualEquality Example

[H [H > = � H ? ] = � [H ? ]]�

[[H > = � H ? ] = � ? ]�

[[H > ] = � [H ? ]]+

[[[H > ] = � H [H > = � H ? ]] ^ [[H ? ] = � [H ? ]]]�

THM615 – negative equality root node.

We must connect this node with the root node.
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An UnusualEquality Example

[H [H > = � H ? ] = � [H ? ]]�

[[H > = � H ? ] = � ? ]�

[[H > ] = � [H ? ]]+

[[[H > ] = � H [H > = � H ? ]] ^ [[H ? ] = � [H ? ]]]�

Idea: We must decompose in order to introduce an
embedded (positive) equation.

We must then use this equation to prove the original
equation.

– p.17/23



An UnusualEquality Example

Technically, we copy negative equation nodes to use for two
very different purposes: decomposition and connections.

EQN0�

H�o [ H > = H ? ] = H ?
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An UnusualEquality Example

Technically, we copy negative equation nodes to use for two
very different purposes: decomposition and connections.

EQN0�

H�o [ H > = H ? ] = H ?

DEC0�

H�o [ H > = H ? ] = H ?
EQNGOAL0�

H�o [ H > = H ? ] = H ?

BOOL0�

[H �o > = H ? ] = ?

� �

EQN1+

H�o > = H ?

EUNIF0�

[H �o > = H [ H > = H ? ]] ^ [H ? = H ? ]
...

? �
[? � [H �o > = H ? ]] �

...
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ExtensionalExpansionDags

Reconsider [Ao � Bo � [Poo A] � [P B]]

� �

� �A+

� �B +

PA+ PB �
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ExtensionalExpansionDags

� �

� �A+

� �B +

PA+ PB �

(^ )
(^ )

(^ )

2

6
6
4

A+

B +

[P A]+

[P B]�

3

7
7
5
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ExtensionalExpansionDags

� �

� �A+

� �B +

PA+ PB �

(^ )
(^ )

(^ )

[[P B] = o [P A]]

[B = o A]
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ExtensionalExpansionDags

� �
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ExtensionalExpansionDags
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ExtensionalExpansionDags

� �
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ExtensionalExpansionDags

� �

� �A+

� �B +

PA+ PB �

(^ )
(^ )

(^ )

[[P B] = o [P A]]

[B = o A]

� � � �

B + A� A+ B �

(_)

(_)
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ExtensionalExpansionDags

� �

� �A+

� �B +

PA+ PB �

(^ )
(^ )

(^ )

[[P B] = o [P A]]

[B = o A]

� � � �

B + A� A+ B �

(_)

(_)

(^ ) (^ )

[A = o A]� [B = o B]�
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ExtensionalExpansionProofs

Extensional Expansion Proofs =
(Closed) Extensional Expansion Dags with
No Unsolved Parts
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ExtensionalExpansionProofs

Extensional Expansion Proofs =
(Closed) Extensional Expansion Dags with
No Unsolved Parts

Base Automated Search on
Extensional Expansion Dags
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ExtensionalSearch

Basic Operations:
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ExtensionalSearch

Basic Operations:

Connections Between Atoms and Equations at Type �
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ExtensionalSearch

Basic Operations:

Connections Between Atoms and Equations at Type �

Determine Expansion Variables via Uni�cation

(Huet) Flex-Rigid: Imitation
(Huet) Flex-Rigid: Projection
Can delay Flex-Flex without losing completeness!
(New Result! Open Question for Extensional
Resolution)
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ExtensionalSearch

Basic Operations:

Connections Between Atoms and Equations at Type �

Determine Expansion Variables via Uni�cation

Duplicating Expansion Nodes.
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ExtensionalSearch

Basic Operations:

Connections Between Atoms and Equations at Type �

Determine Expansion Variables via Uni�cation

Duplicating Expansion Nodes.

(Restricted) Primsubs on Expansion Variables
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Completeness

A procedure based on these operations is sound and
complete.
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Completeness of Ground Extensional Expansion
Proofs:

Can Translate Back and Forth between Extensional
Expansion Proofs and Cut-Free Sequent Calculus
Derivations.
The Cut-Free Sequent Calculus is proven sound and
completeness with respect to Henkin-style Models.

Completeness of Search with Variables
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Completeness

A procedure based on these operations is sound and
complete.

Completeness of Ground Extensional Expansion
Proofs:

Can Translate Back and Forth between Extensional
Expansion Proofs and Cut-Free Sequent Calculus
Derivations.
The Cut-Free Sequent Calculus is proven sound and
completeness with respect to Henkin-style Models.

Completeness of Search with Variables
Lifting – correct choices of operations decreases a
measure...
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Conclusion

(Complete) Automated Search is possible using
Extensional Expansion Dags

Search Procedures Based on these Ideas are
Implemented in TPS

TPS can now prove some theorems which require
extensionality.
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