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Propositions:
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Propositions:

Sentences = Closed Propositions

.
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Automated Theorem Proving

o N

# Given: M — Goal: Find a Proof of M
#® Tps- Higher-Order Theorem Proving System (Andrews)

# Traditional Tps Search Procedures:
s Use Expansion Trees
s Matings (Andrews, Bibel)
s Higher-Order Unification (Huet)

s Primitive Substitutions (Andrews)

#® Searches in Elementary Type Theory

L (No Extensionality) J
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Expansion Trees. Simple Example
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Expansion Tree for [-A Vv Al

=AV A

/ S
= A] LEAF2™
| A,
LEAF1T
A,

Connection: (LEAF1 . LEAF2)

Expansion Proof: Expansion Tree + Complete Mating

o |
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L LEAF1~  LEAF2™
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LEAF3™
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Can’t Unify _ /'—EAE[_PQJF
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Search Expansion Tree for [[Vz, [P, z]] D «[P A,] A [P B/]]:

VT (EXP) \

LEAFl_ LEAFZ_
[P B

LEAF3 LEAF4
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New Var Y L EAF4 [P y]-i-

New Tree and JForm LEAF1 [P A~ V LEAF2 [P B]—]
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Search Expansion Tree for [[Vz, [P, z]] D «[P A,] A [P B/]]:

VT (EXP) \

LEAFl_ LEAFZ_
[P B

LEAF3 LEAF4

| LEAF3 [P z|*
Complete Mating LEAF4 [Py]*

—
And ... {LEAFl P Al V LEAR2 [P B]—]
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Search Expansion Tree for [[Vz, [P, z]] D «[P A,] A [P B/]]:

VT (EXP) \

LEAFl_ LEAFZ_
[P B

LEAF3 LEAF4

3 Ay B " LEAF3 [P z|*
- 2 _? LEAF4 [P y|™T
Unify z =" A, y="B \[—Q
Success! {LEAFl P Al V LEAR2 [P B]—]

. ' -
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Search
-

# Find a Complete Mating

# Solve for Instantiations of Expansion Variables
(Unification)

# Duplicate Expansions

# Primsubs - Introducing a Logical Constant
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s — AU B Is the obvious solution.

LE.: s — Az, Ax V Bx|,ifVveS
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50, V|87 = aAZ V BZ]

AWT

AW~

LUBw-|
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Requires: s — A Requires: s — B
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B W+D
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Higher-Order Example: JForms
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50, V|87 = aAZ V BZ]

AWT

AW~

BW+

LUBw-|

_SW_ -

Requires: s — A Requires: s — B

No Solution.

| sWT

-
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Higher-Order Example: JForms

50, V|87 = aAZ V BZ]

IR

AWT

AW~

BW+

LUBw-|

_SW_ -

- SW_ -

-

Need to Use Primsub s — [\z,.s. = V s, z] to Introduce V.

|
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50,V Zu[sZ = «AZ V BZ]
A_\fter Primsub for Vv:

[&wﬁ-vsﬁv+_ AWT [|BWt]|
\AW‘ Vst W] Vst

BW ™ ] |2 W | 2 W~ |

Requires: s' — A Requires: s* — B

o |
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50, V|87 = aAZ V BZ]

A_\fter Primsub for Vv:

AWt

st

Qy-

| s2 W

Requires: s' — A Requires: s* — B

.

BWt|

st W -

g

12— L
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Higher-Order Example: JForms

50, V|87 = aAZ V BZ]

A_\fter Primsub for Vv:

-{51W+ Vg2 W

AWT

Requires: s' — A Requires: s* — B

Complete Mating

st

S2W—

V

| BWT

st W -

2 W

-
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o N

Any set variable s,~...,» at the head of a flexible node may
require a Primsub.

#® Primsubs: Foreachce S

[Axl...mn[c[slxl xn]...[smxl ooz
#® Projection Primsubs:

PY AR Vi Pl FR L I Ll

for each 1 < i < n where 2* is of some set type

(0B™ -+ B).

o |
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o N

Any set variable s,~...,» at the head of a flexible node may
require a Primsub.

#® Primsubs: Foreachce S
[Ml...mn[c[slxl xn]...[smxl ooz
# There may be infinitely many constants I1¢ in S.

® Can we restrict S?

® Can we restrict the forms of instantiations S?
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Primitive Substitutions
- -

Any set variable s,~...,» at the head of a flexible node may
require a Primsub.

#® Primsubs: Foreachce S
[Ml...mn[c[slxl xn]...[smzl ooz
There may be infinitely many constants I1¢ in S.

Can we restrict S?

Can we restrict the forms of instantiations S?

© o o o

Difficult to Get any Restrictions without Extensionality

o |
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Let EXT? be

YPoVaoulp = q] D [p =°

If two truth values are equivalent, then they are equal.
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Functional Extensionality

-

Let EXT?" be

YV faB V905 Yys [fy] =% [99]] D If =** 4]

If two functions agree on all arguments, then they are equal.

Combining Boolean and Functional Extensionality:

oo

VPoa Voo = V2o [p2] = [q2]] D [p =% ¢

Two sets are equal if they contain the same elements.

o |
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# Without Extensionality —— A, May Differ from A.
® The Sets [\z, ——A] and [\z, A] May Differ.

# We May Need to Consider a Set Instantiation
[Axq Al

9 [Vp,=Q,op] May Differ from [[Q T] A [Q L]].
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o

o

9

Without Extensionality

Without Extensionality —— A, May Differ from A.
The Sets [\z, =——A]| and [\z, A| May Differ.

We May Need to Consider a Set Instantiation
[Axq Al

Vo= Qoop] May Differ from [[Q T] A [Q L]].

We May Need to Consider Logical Constant I1° in a
Proof.

-
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Extensional Theorems

Let M be the sentence

[AO D 'BO D '[POOAO] D [POOBOH
Tes traditionally proves theorems of elementary type
theory (no extensionality).
Previous Tps search procedures cannot prove M.

Can simply include Boolean extensionality as a
hypothesis EXT’ > M.

Drawback: Using
Yo Yaoulp = q] 2 [p =° 4

In the hypothesis requires instantiating p, and g,.
Want: A better way to build in extensionality.
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Sequents = Finite Multiset of Sentences

-

M M"

’ e o o 7

Intuitively,

Next: Rules for Deriving Sequents

In Extensional Type Theory
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Basic Seqguent Rules
- T, M*

LM GContr) 20 g(an)
ontr — —
'M "M ! I T
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Basic Seqguent Rules

M+

I
Cont R _
G(Contr) I M G(6n) o7 g
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I M,M

Y

Y

[ —=M

Basic Seqguent Rules

M+

I
Cont R _
G(Contr) I M G(6n) o7 g

G(=—)
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I M,M

Y

Y

[ —=M

Basic Seqguent Rules

gcontr) ™ g g
ontr — —

I'M 7 T
T MY N
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I M,M

Y

Y

[ —=M

Basic Seqguent Rules

M+

I'
G(Contr)  —— G(Bn) ——9

L

Y LT

' M,N
I[M Vv NJ

G(v)
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I M,M

Y

Y

[ —=M

Basic Seqguent Rules

oContr) ™M Giam G(T)
ontr — —
oM o LT
I MN
- G(v)
[,M vV N] [~[M v N]
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I M,M

Y

Y

[ —=M

Basic Seqguent Rules

scontry ™ gian (T)
oncwr
oM o DT
FaMaN F,TM F,TN
G(-) G(V)
[M VN [~[M V N|
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Basic Seqguent Rules

P G(Contr) rM G(6n) (T)
ontr
.M oM o DT
M I M.N r-M T =N
G(==) G(Vv)
=M O,[M Vv N] D<M V N]
I [Vz, M|



Basic Seqguent Rules
- T, M*

PMM ooy M gian) G(T)
ontr —_— —
.M oM o LT
.M I MN F~M TN
G (=) G(v) G(=v)
L ~—M [ [M V N] L ~[M V N]

LW /xM] W € Py \ Params(I',|Vz, M])

W
[ (2o M )




Basic Seqguent Rules
- T, M*

2 Gcontr) = g(6n) G(T)
ontr —_— —
LM oM o DT
M I M.N r-M [I=N
G(==) g(v) G(=v)
=M DMV N| L,~[M Vv N]
LW /xM] W € Py \ Params(I',|Vz, M]) G()
I [Vz, M|
[, =|Ve, M|



Basic Sequent Rules
- T, MY

PMM ooy M gian) G(T)
ontr —_— —
.M oM o LT
.M I MN F~M TN
G (=) G(v) G(=v)
L ~—M [ [M V N] L ~[M V N]

LW /xM] W € Py \ Params(I',|Vz, M])

W
[ [0 M )

[~[[C/z]M] C € cwify(S)

=Y, S
[, =|[Vr, M] I(=Y.5)
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,c—"”Jj ces o cAM ce S
LlcAP]F ce G0 I=(lcAmf) ce G (=)

T,[c A" [',=[c A"

T =T
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Rulesfor Logical Constants

-

T [cA"? ceS T~([cA"f) ceS
—— (1) G(=1)
[,lc A" [',=[c A"




-

Rulesfor Logical Constants

T [cA"? ceS T~([cA"f) ceS
— G(4) — G(=1)
[,lc A" [',=[c A"
Th:=T =T [~ AL = 1A,
A, V B,Jf :=]A, V B,] A, D Bt :=[=A, V B,



-

Rulesfor Logical Constants

T [cA"? ceS T~([cA"f) ceS
— G(4) — G(=1)
[,lc A" [',=[c A"
Th:=T =T [~ AL = 1A,
A, V B,Jf :=]A, V B,] A, D Bt :=[=A, V B,
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Rulesfor Logical Constants

T [cA"? ceS T~([cA"f) ceS
— G(4) — G(=1)
[,lc A" [',=[c A"
Th:=T =T [~ AL = 1A,
A, V B,Jf :=]A, V B,] A, D Bt :=[=A, V B,
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Initial Rule (up to Equality)
B -

wif, (S)

G(Init)

What about [P T|,—[P«— 1]?



Initial Rule (up to Equality)

— B!l ... TJA" =B" P,n. €P

G(Init™)

I,[PA"],~[PB"

-



Initial Rule (up to Equality)

-

Fa[Al —~ Bl] -+ A" = B"| Pygnor €P
G(Init™)

I,[PA"],~[PB"

Special case when n = 0 Is truly initial:

P, eP

G(Init™)
I, Po, = Fo




Decomposition Rule

G(Refl)

A =% A

# Can we restrict the type o?
#® What about [|[H,, T| =" [H,,=— L]]?



Decomposition Rule

X (Refl)

# Can we restrict the type «o?
#® What about ||[H,, T| =* [H,,e— L]]?



Decomposition Rule

F,[An — Bn] Hba“---al S 7’)

L\[[HA”] =" [HB"]]

G(Dec)



Decomposition Rule

Fa[Al —~ Bl] -+ A" = B"] Hygngn €P
G(Dec)

L\[[HA”] =" [HB"]]

Special case when n = 0:

H, eP

I [H, = H,] G(Dec)




Rulesfor Equality on type:
-




Rulesfor Equality on type:
B -

Fa[A :.L C] F?[B :.L D] G(EUni
roA — Bl C = D]~




Rulesfor Equality on type:

[JA = C] T,[B='D]
[-[A = BJ[C =* D]

G(EUnif1)

[JA =* D] TI,B ='C]
I''=[A =" B,|C =" D|

G(EUnif2)



Rulesfor Equality on Other Types
B -

[~[A =° B]




Rulesfor Equality on Other Types
B -

'AB TI,-A-B )
. G(==°)
[ —[A —° B]




Rulesfor Equality on Other Types
B -

'AB TI,-A-B )
. G(==°)
[ —[A —° B]




Rulesfor Equality on Other Types
-

r'AB T,-A-B
[,=[A =° B]

I=[[GB] =% HB]] BE€ CWffﬁ(S)

G(==7,9)
T, =[G =% H]
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Extensional Rules
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Boolean Extensionality:

I'-A.B TI'-B,A
Fv[A :.O B]

G(b)



Extensional Rules

-

Boolean Extensionality:

I'-A.B TI'-B,A
Fv[A :.O B]

G(b)

I,[G =¥ H]



Extensional Rules

-

Boolean Extensionality:

r-AB T,-BA

Fv[A :.O B] g(b)

Functional Extensionality:

LIGW] =* HW] W € Pg\ Params(I',|G = H])

%4
g G(")
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Simple Extensional Proof
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Simple Extensional Proof

[AO D 'BO D '[POOAO] D [POOBO]]

—A, [—.IB V -T[PA] V [P BH

[T'Ao Va7B, V 'T‘[Poo A] V [PBH g(\/)




Simple Extensional Proof

[AO D 'BO D '[POOAO] D [POOBO]]

—A, =B, |[=[PA|V |PB]
“A[=B V «=[PA] vV [P B]]
[_'A VauB, Vs _I[POOA] [PBH

G(v)




Simple Extensional Proof

[AO D 'BO D '[POOAO] D [POOBO]]

~A, =B, =[P Al [P B]
G(v)
—A, =B, |[=[PA|V |PB]
“A[=B V «=[PA] vV [P B]]
[_'A VauB, Vs _I[POOA] [PBH

G(v)




Simple Extensional Proof

[AO D 'BO D '[POOAO] D [POOBO]]

A, =B,[B =° A
~A,=B,=[P Al [P B
~A =B, [=[PA] vV [P B]|]
A, [=B V .=[PA] Vv [PB]
(7 Ao V amBo V w=[Poo A] V [P B

G(Init™)
g(v)
g(v)
G(v)




Simple Extensional Proof

[AO D 'BO D '[POOAO] D [POOBO]]

~A,=B,=B, A ~A,=B,=A, B
~A,=B,[B =° A]
~A, =B, =[P A],[P B
~A =B, [=[PA] vV [P B]|]
A, [=B V .=[PA] Vv [PB]
(7 Ao V amBo V w=[Poo A] V [P B

G(b)
G(Init™)

g(v)

g(v)

G(v)




Simple Extensional Proof

[AO D 'BO D '[POOAO] D [POOBOH

G(Init™) G(Init™)
—A, -B,—-B, A —A, -B,-A, B
G(b)

~A,=B,[B =° A
~A,=B,=[P Al [P B
~A =B, [=[PA] vV [P B]|]
A, [=B V .=[PA] Vv [PB]
(7 Ao V amBo V w=[Poo A] V [P B

G(Init™)
g(v)
g(v)
G(v)
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Extensional Sequent Calculus

o N

# Rules Define a Sequent Calculus (Relative to S)

® Derived Rules for Abbreviations:
,~M,N

LM 5 N G(2)

'M TN
[,[M A N

G(A)



Extensional Sequent Calculus

-

# Rules Define a Sequent Calculus (Relative to S)

® Derived Rules for Abbreviations:
,~M,N

LM 5 N G(2)

'M TN
[,[M A N

G(A)

TJA/z]M A € cwff,(S)
F,E‘Zlfa M]

G(3,S)
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# Sound and Complete w.r.t. S-Models (Chaps. 2-5)



Extensional Sequent Calculus

o N

# Rules Define a Sequent Calculus (Relative to S)

# Sound and Complete w.r.t. S-Models (Chaps. 2-5)

#® Admissible Rules (by Completeness):

GInit Refl
Pt T ey 9D




Extensional Sequent Calculus
B -

# Rules Define a Sequent Calculus (Relative to S)

# Sound and Complete w.r.t. S-Models (Chaps. 2-5)

#® Admissible Rules (by Completeness):

GInit Refl
Pt T ey 9D

'M T,-M

= G(Cut)

Cut-Elimination!

o |
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# Rules Define a Sequent Calculus (Relative to S)

# Sound and Complete w.r.t. S-Models (Chaps. 2-5)

#® Conservation and Independence Results (Chap. 6)



Extensional Sequent Calculus

o N

# Rules Define a Sequent Calculus (Relative to S)

# Sound and Complete w.r.t. S-Models (Chaps. 2-5)

#® Conservation and Independence Results (Chap. 6)

# Enough to Consider Signature

{—,Vv,="}U{ll” \ a not a propositional type}
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# Need a Version of Expansion Proofs for
Extensional Proofs



Extensional Search
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# Need a Version of Expansion Proofs for
Extensional Proofs

#® Generalize Expansion Trees to
Extensional Expansion Dags



Extensional Search

-

# Need a Version of Expansion Proofs for
Extensional Proofs

#® Generalize Expansion Trees to
Extensional Expansion Dags

# Need a Method of Searching for
Extensional Expansion Proofs

.
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Expansion Proofs and Sequent Proofs
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# The proof requires no extensionality.



Expansion Proofs and Sequent Proofs

o N

Reconsider: ||Vz, [P, z]] D«|P A, N [P B,]]
# The proof requires no extensionality.

#® Expansion Proof Corresponds to
Sequent Calculus Derivation



Expansion Proofs and Sequent Proofs

f G(GInit) G(GInit) T
w[Po, AL[P A,] <[P, B],|P B,]
) G(~)
—.va’“ [POL .f],[P AL] _-'VSUL [POL .T]a[P BL]
G(A)

Ve, [P, z],||[PA,] AN |[PB,]]

g
Vo Pl 2+ 1P A A PB] )




Expansion Proofs and Sequent Proofs

o N

GInit GInit
=[P, Al,|P A,] 9 ) -|P,, B],|P B,] 9 )
G(=V) G(=V)
Vv, [Py, x|,|P A, Vv, [Py, x|,|P B,

G(M)

-V, |[Po,z],|[P A A [P B
[V, [Po,x]] D[P AJ A [P B,]]

G(2)

-
—
vVHEXP) T~ A~

A B |
/7 \ /" \
LEAF3T LEAF4T LEAF1™ LEAF2™
[P A [P B] [P A [P B]

o < |



Expansion Proofs and Sequent Proofs

o N

GInit GInit
=[P, Al,|P A,] 9 ) -|P,, B],|P B,] 9 )
G(=V) G(=V)
Vv, [Py, x|,|P A, Vv, [Py, x|,|P B,
G(M)

-V, |[Po,z],|[P A A [P B
Yz, [Po,z]] D[P A] A [P B,

\

i
—
vVHEXP) T~ A~

A B |
/7 \ /" \
LEAF3T LEAF4T LEAF1™ LEAF2™
[P A [P B] [P A [P B]

o < |

G(2)




Expansion Proofs and Sequent Proofs

o N

GInit GInit
=[P, Al,|P A,] 9 ) -|P,, B],|P B,] 9 )
G(=V) G(=V)
Vv, [Py, x|,|P A, Vv, [Py, x|,|P B,
G(M)

-V, |[Po,z],|[P A A [P B

g
V3, [Pou2]] Da P ALA\[P B,]] )
-
— \/\_

VT (EXP)

A B |
/7 \ /" \
LEAF3T LEAF4T LEAF1™ LEAF2™
[P A [P B] [P A [P B]

o < |




Expansion Proofs and Sequent Proofs

o N

GInit GInit
=[P, Al,|P A,] 9 ) -|P,, B],|P B,] 9 )
G(=V) G(=V)
Vv, [Py, x|,|P A, Vv, [Py, x|,|P B,
G(M)

-V, 8o, z],[[P A A [P B
Vo, |[Po, ]| D[P A] A [P B,

AN
—
vVHEXP) D A~

A B |
/7 \ /" \
LEAF3T LEAF4T LEAF1™ LEAF2™
[P A [P B] [P A [P B]

o < |



Expansion Proofs and Sequent Proofs

o N

Py AL PA] G(GInit) P BPB, G(GInit)
G(=V) G(=Y)

-V, Row z);[[P A A [P B
D«[PA] AN [PB)]

LEAF3T LEAF4T LEAF1~ LEAF2™
[P A [P B] [P A [P B]

o < |



Expansion Proofs and Sequent Proofs

o N

GInit GInit
=[P, Al,|P A,] 9 ) -|P,, B],|P B,] 9 )
G(=V) G(=V)
Vv, [Py, x|,|P A, Vv, [Py, x|,|P B,
G(M)

-V, |[Po,z],|[P A A [P B

g
V3, [Pou2]] Da P ALA\[P B,]] )
-
— \/\_

VT (EXP)

A B |
/7 \ /" \
LEAF3T LEAF4T LEAF1™ LEAF2™
[P A [P B] [P A [P B]

o < |




Expansion Proofs and Sequent Proofs

o N

Py AL PA] G(GInit) P BPB, G(GInit)
G(=v) G(=v)
Ve, | P, z],|P A, ~Vz, | P, xz|,|P B,

VT (EXP)

A-
A B
7/ \ / N\
LEAF3™ LEAF4T LEAF1™  LEAF2™
[P A [P B] [P A [P B]

o < |



Expansion Proofs and Sequent Proofs

o N

Py AL PA] G(GInit) P BPB, G(GInit)
(=) G(=Y)
_-'vxz, [POL x])[P AL] _"vxb oL x]a[ BL]
G(AN)

Y, [Po, z],[[PA] A

LEAF3T LEAF4T LEAF1~ LEAF2™
[P A [P B] [P A [P B]

o < |



Extensional Expansion Dags

-

/ \ _
/ \ B
e < ~~—
PAT PB~

Reconsider [A, D «B, D [P, Al D [P B]]

.



Extensional Expansion Dags

A+/. \D_(/\)
+/' ~ )
B D)
7~
PAT PB~
A+
B+
[P AT
LB J



















.

Extensional Expansion Dags

A D
D
B £° S
PAt B~
D
[PB] =° [P A] (V)
y
B =2 A] (V)
() =% o= ()
Vertical Paths £\ 7\
BT A= AT B~

A*, B, [PA]T, [PB]~, BT, A~



.

Extensional Expansion Dags

a
Vertical Paths /. 2\

A*, BY, [PA]T, [PB]~, A", B~



Extensional Expansion Dags

- (A)
A+</D \D_(/\)
— ~ )
BT »
<~ T
) PAY PB-
o (PB] = (P4) )
2 n g
BTl [AT] (N 5= o ()
v\ N\
_[A‘] ! [B‘]__ Bt A= AT B~
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Extensional Expansion Dags
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Reconsider [A, D «B, D «|P,, A] D [P B]]:



Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:

Full Derivation:

G(Init™) G(Init™)
—A, —-B,—-B, A —A, -B,-A,B
G(b)

A, =B,[B =° A]
~A, =B, =[P A, [P B]
<A, =B, [[PA] > [P B
~A,[BD.[PA] > [PB]]
Ay 2By > +[Pop A] 2 [P B]]

o |

G(Init™)
Gg(2)
G(2)
Gg(2)




Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:
TA, D De| Al D | D]
G(2)

[AOD'BO D '[POOA] D [PBH

—

5=




Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:

~A [BD.[PA] > [PB]] 912)

(A AN R %DDH 5(2)

5=




Extensional Expansion Dags

-

Reconsider [A, D «B, D «|P,, A] D [P B]]:

ELPS PRI B ﬁI__F j‘lJ, |_I _L)J

~A,=B,[[PA]>[PB] 912)

D)
—4 R _[D Al ’§ [D RI] g()
?_




Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:

A, DB, | b =" A]
~A, =B, =[P Al],[P B
A .. [ — I 11 g(D>
~- &
A‘|‘/ [D_\D_
PAYT T T

PB~

G(Init™)




Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:

.'1_17 .'_LJ, .'_L},J_.l. .'1_1.7 .'_LJ’ .'ﬂ,.LJ

—A, =B, [B =¢ A]

G(b)
G(Init™)

Y —R P AR P R]




Extensional Expansion Dags

-

-

Reconsider [A, D «B, D «|P,, A] D [P B]]:

G(Init™)

—A,—-B,-B, A

\




Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:

G(Init™) G(Init™)
—~A,-B,-B, A —A,-B,-A, B

b
\ M. -B.[B =° A | 7(0)
A+

2

[PB] = [P 4]
B =° A
=
A= A+ B-



Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:
G(Init™) G(Init™)
—.IA,TB,TB,A TA,TB,_.'A,B
G(b)
—A,=B,[B =° A] |

| BT<T T =~

(PB] = [P 4]
B =° A
=
¢ B A- A+ B-




Extensional Expansion Dags

-

-

Reconsider [A, D «B, D «|P,, A] D [P B]]:

G(Init™)

—A,—-B,-B, A




Extensional Expansion Dags

o N

Reconsider [A, D «B, D «|P,, A] D [P B]]:

|
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No Vertical Paths
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Extensional Expansion Proofs

o N

# Extensional Expansion Proofs =
(Closed) Extensional Expansion Dags with
No Vertical Paths

# Extensional Expansion Proofs correspond to
Sequent Derivations.

® Base Automated Search on
Extensional Expansion Dags
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# Connections Between Atoms and Equations at Type ¢
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# Connections Between Atoms and Equations at Type ¢

# Determine Expansion Variables via Unification



Extensional Search

o N

# Basic Operations:
# Connections Between Atoms and Equations at Type ¢
# Determine Expansion Variables via Unification

# Use Primsubs on Expansion Variables



-

o

o

9

Extensional Search

Basic Operations:

Connections Between Atoms and Equations at Type ¢
Determine Expansion Variables via Unification

Use Primsubs on Expansion Variables

(Optional) Set Constraints

-



Set Constraints
-

Reconsider ds,,VZu|s Z = s AZ V BZ]
sWT I + +
| v [ [P
Bw-| L7 ”
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Set Constraints
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Reconsider ds,,VZ,u|s Z = «AZ V B 7]

s W + +
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B sW sW

® View Each Vertical Path as a Set Constraint for s:
® Yuw, (sw— Aw, Bw)



Set Constraints
-

Reconsider ds,,VZ,u|s Z = «AZ V B 7]

s W + +
| [ mw
B sW sW

® View Each Vertical Path as a Set Constraint for s:
® Yuw, (sw— Aw, Bw)

® VYV, (Aw — sw)



Set Constraints
-

Reconsider ds,,VZ,u|s Z = «AZ V B 7]

s W + +
| [ mw
B sW sW

View Each Vertical Path as a Set Constraint for s:
Yw, (sw — Aw, Bw)

Yw, (Aw — sw)

© o o o

Yw, (Bw — sw)



Set Constraints
-

Reconsider ds,,VZ,u|s Z = «AZ V B 7]

s W + +
| [ [
BI— sW sW

# Upper Bound Constraint:
® Yuw, (sw— Aw, Bw)

#® Maximal Solution: AU B



Set Constraints

fReconsider 15 VZu|sZ = «AZ V BZ]

s + +
A1 v [AW_ y [BW_]
B sW sW

Lower Bound Constraints:

Yw, (Aw — sw)

Yw, (Bw — sw)

Simultaneous Minimal Solution: AU B

© o o @
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# Upper and Lower Bound Set Constraints may be
Recursive.



Recursive Set Constraints

o N

# Upper and Lower Bound Set Constraints may be
Recursive.

9 V:CL,y,, <SOL567 SY — S [nyb
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Recursive Set Constraints
L -

# Upper and Lower Bound Set Constraints may be
Recursive.

® VYV, uy (sor, sy — s|Fxyl)
# Least Solution: Empty Set (Trivial)
® Combine with a Non-Recursive Lower Bound:



Recursive Set Constraints

o N

# Upper and Lower Bound Set Constraints may be
Recursive.

Vr,,y, (Sox, sy — s|F xy|)

Least Solution: Empty Set (Trivial)

Combine with a Non-Recursive Lower Bound:
(- —sA,)

e o o 0



°

© o o o 0

Recursive Set Constraints

Upper and Lower Bound Set Constraints may be
Recursive.

Vr,,y, (Sox, sy — s|F xy|)

Least Solution: Empty Set (Trivial)

Combine with a Non-Recursive Lower Bound:
(«+ > sA,)

Least Solution: Finite Binary Trees with Leaves A and
Constructor F

-



© o o o @ @

°

Recursive Set Constraints

Upper and Lower Bound Set Constraints may be
Recursive.

Vr,,y, (Sox, sy — s|F xy|)

Least Solution: Empty Set (Trivial)

Combine with a Non-Recursive Lower Bound:
(«+ > sA,)

Least Solution: Finite Binary Trees with Leaves A and
Constructor F

Tps can Automatically Generate Such Solutions using
Knaster-Tarski Fixed Point Theorem.

-

|
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#® Set Constraints May Contain Embedded Occurrences:



-

Embedded Occurrences

#® Set Constraints May Contain Embedded Occurrences:

® Yz, <L0L<0L>

S

T — Sp, L)

-
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#® Set Constraints May Contain Embedded Occurrences:
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# l|dea: Replace L with a “Monotone Approximation”
M := [)\’LU ngw[[’ UH

# M is Monotone for Syntactic Reasons.



Embedded Occurrences
L -

#® Set Constraints May Contain Embedded Occurrences:
® Vi, (Loyo) ST — S0, T)

# l|dea: Replace L with a “Monotone Approximation”
M := [)\’LU ngw[[’ UH

# M is Monotone for Syntactic Reasons.
® [Lw| C Muw]



o o

o o

Embedded Occurrences

Set Constraints May Contain Embedded Occurrences:
V2, (Loy(o) ST — S0, T)

ldea: Replace L with a “Monotone Approximation”
M := [)\’LU ngw[[’ UH
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Embedded Occurrences

Set Constraints May Contain Embedded Occurrences:
V2, (Loy(o) ST — S0, T)

ldea: Replace L with a “Monotone Approximation”
M := [)\’LU ngw[[’ UH

M is Monotone for Syntactic Reasons.

[Lw] € [Mu]

Use Knaster-Tarski to find Least W with [M W] C V.
ILW] CW.
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Knaster-Tar ski Theorem
L -

THM2F VKOL(OL)'VCUOLV?JOL[CE CyD Ka C Ky]
D dug e Ku = u
If K Is monotone, then K has a fixed point.
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Knaster-Tar skl Theorem
| -

THM2F VK0L<0L>'vaLvyOL[CC CyD Ka C Ky]
D dug e Ku = u

® Recursive Set Constraint for w,,:
YV, (Koy(o) WT — W)

® The Natural Monotone Set Function to Consider is K.

# But We Cannot Syntactically Determine If K Is
Monotone.

Use the “Monotone Approximation” M
® TpsSolves for W with MW C W,
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Knaster-Tar skl Theorem
| -

THM2F VK0L<OL>'vaLvyOL[:E CyD Ka C Ky]
D dug e Ku = u

® Recursive Set Constraint for w,,:
YV, (Koy(o) WT — W)

® The Natural Monotone Set Function to Consider is K.

# But We Cannot Syntactically Determine If K Is
Monotone.

°

Use the “Monotone Approximation” M
Tps Solves for W with MW C V.
#® TpsProves KWW = W Using Monotonicity of K

L (Hypothesis). J

°



Conclusion

o N

# Extensionality Permits Restrictions on Primsubs



Conclusion

o N

# Extensionality Permits Restrictions on Primsubs

#® Cut-Free Sequent Calculus for each S Fragment of
Extensional Type Theory with Equality Reasoning.



Conclusion

-

# Extensionality Permits Restrictions on Primsubs

#® Cut-Free Sequent Calculus for each S Fragment of
Extensional Type Theory with Equality Reasoning.

#® Every Theorem of Extensional Type Theory has an
Extensional Expansion Proof Based on an Extensional
Expansion Dag

-



°

Conclusion

Extensionality Permits Restrictions on Primsubs

Cut-Free Sequent Calculus for each S Fragment of
Extensional Type Theory with Equality Reasoning.

Every Theorem of Extensional Type Theory has an
Extensional Expansion Proof Based on an Extensional
Expansion Dag

Automated Search using Extensional Expansion Dags

-



°

Conclusion

Extensionality Permits Restrictions on Primsubs

Cut-Free Sequent Calculus for each S Fragment of
Extensional Type Theory with Equality Reasoning.

Every Theorem of Extensional Type Theory has an
Extensional Expansion Proof Based on an Extensional
Expansion Dag

Automated Search using Extensional Expansion Dags

Using Set Constraints Also Helps Instantiate Set
Variables

-



°

Conclusion

Extensionality Permits Restrictions on Primsubs

Cut-Free Sequent Calculus for each S Fragment of
Extensional Type Theory with Equality Reasoning.

Every Theorem of Extensional Type Theory has an
Extensional Expansion Proof Based on an Extensional
Expansion Dag

Automated Search using Extensional Expansion Dags

Using Set Constraints Also Helps Instantiate Set
Variables

Search Procedures Based on these Ideas are
Implemented in Tps
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