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o  (truth values)
Simple Types 7 . (individuals)
(aB) (functions from 3 to «)
oo  “sets of individuals” (characteristic functions of sets)
o(ot) “sets of sets”
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Simply Typed A-Terms

T Variables (V)
A, Parameters (P)
Terms: Ca Logical Constants (S)

(Faﬁ Bﬁ)a Application
(AygAn)ap A-abstraction

Equality of terms: a(n

a-conversion Changing Bound Variables
B-reduction  ((\ygA,)B) = [B/y]A
n-reduction  (A\yg(Fopy)) — F (ys ¢ Free(F))
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Simply Typed A-Terms

T Variables (V)
A, Parameters (P)
Terms: Ca Logical Constants (S)

(Faﬁ Bﬁ)a Application
(AygAn)ap A-abstraction

Equality of terms: a(n

Every term has a unique gn-normal form,
up to a-conversion.



Logical Constants

—,0 — Negation
1% . —universal quantification over type «

o(o)

=4 ., —equality



Abbreviations for Logical Operators

o N

(A, V B,) means (V,,, A, By)
(A, D B,) means (-A, V B,)

(Vxqo A,) means (I1¢

O(OCM) m )\ZCQ AO) .

(Jxa Ay) means (—Vr, —A,).
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Church’s Type Theory

fChurch’s Type Theory:
o Simply typed A-calculus with the signature
{-VIu{Il®|aeT}

(and perhaps a description or choice operator).
# Axioms of Extensionality
# Axiom of Description or Choice
# Axiom of Infinity

.



Church’s Type Theory
-

Church’s Type Theory:
o Simply typed A-calculus with the signature
{-VIu{Il®|aeT}

(and perhaps a description or choice operator).

°

Elementary Type Theory (Tps— for automated theorem

proving)
.



Church’s Type Theory
- -

Church’s Type Theory:
# Simply typed A-calculus with the signature
{-VIu{Il®|aeT}
(and perhaps a description or choice operator).
# Axioms of Extensionality

9
9

Extensional Type Theory (Tps and LEo — automated
theorem proving)
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Multi-Modal Logic
-

“Propositional” Symbols:
PROP ={P,Q,...}

“Modalities”:
MOD ={R,S,...}

Multi-Modal WFF’s (o, ©, ...):

Pl=ple V Y[(R)e|[ Rl
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Multi-Modal Logic

o N

Standard Translation to First-Order (relative to z):

® Associate each P ¢ PROP with some predicate P.
® Associate each R € MOD with some relation R.
STy (P) = P(x)

STp(—p) = ~STx(p)

STu(p V1) = STe(p) V STy (V)
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Multi-Modal Logic

o N

Standard Translation to First-Order (relative to z):
Associate each P ¢ PROP with some predicate P.
Associate each R ¢ M OD with some relation R.
ST (P) = P(x)

Ty(~p) = 25T, ( )

To(p V) = STe(p) V STu(1))

T:((R)¢) = Hy(R(fE, y) N STy())
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Multi-Modal Logic

o N

Standard Translation to First-Order (relative to z):
Associate each P ¢ PROP with some predicate P.
Associate each R ¢ M OD with some relation R.
ST, (P) = P(z)

STy (—p) = ~ST, ( )

(o V) = S5Tp(p) V ST(Y)

T:((R)¢) = Hy(R(fE, y) N STy())

T:([R]e) = Vy(R(z,y) D STy(p))

© © o o o o o
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Multi-Modal Logic

o N

Standard Translation to First-Order (relative to z):
Associate each P ¢ PROP with some predicate P.
Associate each R ¢ M OD with some relation R.
ST, (P) = P(z)

STy (—p) = ~ST, ( )

(o V) = S5Tp(p) V ST(Y)

T:((R)¢) = Hy(R(fE, y) N STy())

T:([R]e) = Vy(R(z,y) D STy(p))

Note: ST translates to a predicate on x.

o |
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fTransla’[ion to Higher-Order (map to type ou): T
® Associate each P € PROP with some predicate P,,.
® Associate each R € MOD with some relation R,,,.
® HST(P)=P
® HST(~p) = (Az, = (HST(p)x))
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Multi-Modal Logic
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Translation to Higher-Order (map to type ou):
® Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P
HST( ) = (Ax, 7 (HST(p)x))

ST(e V) = (A, (HST(p)x) V (HST(Y) x)))
ST((R)p) = Az, Jy.((Ray) A (HST(p) y))
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Multi-Modal Logic

Translation to Higher-Order (map to type ou):

9
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Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P

—p) = (Az, = (HST(p)z))

p V) = Az, (HST(p)x) vV (HST(¢) x)))
(R)p) = Az, Jy,((Ray) A (HST(p) y))
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Multi-Modal Logic

Translation to Higher-Order (map to type ou):

9
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Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P

—p) = (Az, = (HST(p)z))

p V) = Az, (HST(p)x) vV (HST(¢) x)))
(R)p) = Az, Jy,((Ray) A (HST(p) y))
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Encoding Multi-Modal Logic

Associate each P € PROP with some predicate P,,.

Associate each R € MOD with some relation R,,,.
HST(P)=P
HST( ) = (Ax, 7 (HST(p)x))
ST(p V) = (A, (HST(p)x) V (HST(¢) x)))
T(<R>¢) = Az, y,(Rry) A (HST(p)y))
ST([R)p) = Az, Yy, ((Rxy) D (HST () y))
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Encoding Multi-Modal Logic
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Associate each R € MOD with some relation R,,,.
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“ou(or) 1S (AU, Az, ~(Uz)) (Complement)

.
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Encoding Multi-Modal Logic

Associate each P € PROP with some predicate P,,.

Associate each R € MOD with some relation R,,,.
HST(P)=P
HST( p) = (" HST(p))
ST(p V) = (A, (HST(p)x) V (HST()x)))
T(<R>s&) = Az, y,(Rry) A (HST(p)y))
ST([R)p) = Az, Yy, ((Rxy) D (HST () y))
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Encoding Multi-Modal Logic

Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P

) = (- HST(y))
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HST((R)p) = Az, Hya((ﬁfy) AN (HST(¢)y))
(

Vouo) 18 (Ao AV Az, . (Uz) vV (Vxr)) (Union)

.
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Encoding Multi-Modal Logic

Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P

HST(~p) = (- HST(p))

-



Encoding Multi-Modal Logic
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Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P
HST( p) = (" HST(p))

ST(p V) = (HST(p)VHST(Y))
T(<R>s@) = (o HST(y))

ST([Rlp) = Az, Vy.(Rxy) D (HST(¢) y))
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OOL(OL)(OLL) IS ()\ROLL)\UOL)\LEL Ely,/ Rxy A Uy)
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Encoding Multi-Modal Logic

Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P

HST(~p) = (= HST())
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Encoding Multi-Modal Logic
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Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P
HST( p) = (" HST(p))

ST(p V) = (HST(p)VHST(Y))
T(<R>s@) = (o HST(y))

ST([R]p) = (0 R HST(¢))

© © o o o o ©

O ou(on)(our) 1S (ARouA U Az, Vy, . Ry O Uy)
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Encoding Multi-Modal Logic
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Associate each P € PROP with some predicate P,,.
Associate each R € MOD with some relation R,,,.
HST(P)=P
HST( p) = (" HST(p))

ST(p V) = (HST(p)VHST(Y))
T(<R>s@) = (o HST(y))

ST([R]p) = (0 R HST(¢))

© © o o o o ©

Using these definitions, the translation is trivial.

o |



Multi-Modal Fragment of Higher-Order
- -

PROP ={P,Q,...} TV, UP,,



Multi-Modal Fragment of Higher-Order
- -

PROP ={P,Q,...} TV, UP,,

MOD ={R,S,...} CV,, UP,,



Multi-Modal Fragment of Higher-Order
- -

PROP ={P,Q,...} TV, UP,,

MOD ={R,S,...} CV,, UP,,

Multi-Modal Formulas are
certain terms (¢, ¢, ...) of type o:

Pl=o|(eVi)|(e Rp)|(O Ro)



Multi-Modal Fragment of Higher-Order
- -

PROP ={P,Q,...} TV, UP,,

MOD ={R,S,...} CV,, UP,,

Multi-Modal Formulas are
certain terms (¢, ¢, ...) of type o:

Pl=o|(eVi)|(e Rp)|(O Ro)

No inductive translation is required.



Next...
-

Two directions:
1. Generalize the types.
2. Extend to Hybrid Logic.
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Generalizing the Types
-

(Properties on type «)
PROPa — {POOMQOOM . } g VOC\{ LJ7DOOé

(Relations between o and j3)

MOD*P = {Ryga; Sopas - - -+ € Voga U Poga

a-Multi-Modal Formulas M M F< (terms of type oa):
Pooz‘_‘a90| (@Va@b) | (Qa’ﬁ Roﬁa onﬂ) | ( L] 0 Roﬁa Spoﬁ)

0% is (ARyga UogAta Vys. Rxy D Uy)

.
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Examples

Let €,0(0q) StaNd for [AUyaAzo. U],

ntuitively, (€U ) means z € U.
et P, € PROP“.

® [€|Pisin MMF

® [€|(PN—-P)
This is true at Q. Iff Q) Is empty. Automatic Proof by Trs
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Examples

-

Let €,0(0q) Stand for [(Azq AUpqa U],
Let OPEN, (o) € PROPC.

® (€)OPEN isin MMF®
This Is true at z,, Iff z IS insome P in OPEN.
Represents union of a collection
(Automatic proof of equivalence by Trs)
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Hybrid Logic
-

Multi-Modal Plus Nominals:
NOM = {i,j,...}

“At” operator:
Q;p
Maybe downarrow binder:

| z.p(x)
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First-Order Translation

® Associate nominals ¢ with variable s.
® ST,(i) = (z =7
® ST, (Qup) = [i/x]STx(yp)
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First-Order Translation

Associate nominals i with variable :.
STx(Z) — (3j — E)

ST, (Qip) = [i/x]ST:(p)

ST (y) = (xr =y) (y is a “nominal variable”)
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First-Order Translation

Associate nominals ; with variable ;.
STx(Z) — (3j — E)
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ncoding Hybrid Logic with General Type:
- -

Nominals at type a:
NOM*® = {iomjaa - - } C Voz Upoz

a-Hybrid Formula H F* is a term of type oa constructed as
a-Multi-Modal Plus:

® (U%Yiy) Where U™ IS (Axq Ay (x = y))
® (@ j50,5)00 Where Q%P is A\zgA\V,5 \14.V 2

® (1N -Yor)) (i, 1S @ “nominal variable”)

where | 1S A\Woaa- Az (W x )
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Examples

fpm e PROP“®
Coa € NOMO™

® (U%)DI[E|(PN-P)
Valid if e is empty.

® (Ue)=[€|(PA—P)
Valid if e is the unique empty set (extensionality).

® @5(0) ¢ [€] (P A —P)
True at b3 iff e is empty (does not depend on b).

Automatic proofs in Tps

.
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Conclusion

-

# Using A-terms, the standard translation from
Multi-Modal (and Hybrid) Logic to first-order logic

becomes an easier translation into higher-order logic.

# The translation shows Hybrid Logic is a natural
fragment of higher-order logic.

# By generalizing over types, we obtain a typed form of
Hybrid Logic.

-
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